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Abstract 

Given a closed symplectic manifold {M'^"',u) of dimension 2n ^ 4, we con- 
sider all Riemannian metrics on M, which are compatible with the symplectic 
structure u. For each such metric g, we look at the first eigenvalue Ai of the 
Laplacian associated with it. We show that Ai can be made arbitrarily large, 
when we vary g. This generalizes previous results of Polterovich, and of Man- 
goubi. 

1 Introduction and main results 

The current paper addresses the discussion on rigidity versus flexibility of the flrst 
eigenvalue of the Laplacian. The flrst result in this direction was proved by Her- 
sch IHel: 



Theorem 1.1. Let {S'^,g) be the 2-sphere equipped with a Riemannian metric g. 
Then, 

Xi{S^g)Area{S^g)^87r, 
where Xi{S'^,g) is the first positive eigenvalue of the Laplacian on {S'^,g). 

In Theorem II. II the equality is known to occur if and only if {S^, g) is the standard 
round sphere. 

Hersh's theorem was extended to the case of a general closed surface, by Yang 
and Yau [Y-Y] : 

Theorem 1.2. Let {^,g) be a closed Riemannian surface. Then 

g)Area(T,, g) ^ 8n{genus{I]) + 1). 



^The author also uses the spelling "Buhovski" for his family name. 
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In Theorem II. 2[ however, the upper bound is not optimaL 

These results reflect a rigidity phenomenon in dimension 2, stating that in this case 
Ai is bounded, when we run over all Riemannian metrics that have a given volume. 
In contrast to the dimension 2, in higher dimensions, for the case of a "fixed volume 
form category", we have the following flexibility result of Colbois and Dodziuk |C-Dj : 

Theorem 1.3. Let M be a closed manifold of dimension > 2, equipped with a volume 
form VL. Consider the class of all Riemannian metrics on M having Q as their volume 
form. Then this class admits metrics with arbitrarily large Ai. 

However, if one restricts to a fixed conformal class of metrics, then we get a 
rigidity for Ai, as the following result of El Soufi and Ilias |E-I] . and of Friedlander 
and Nadir ashvili |F-N] shows: 

Theorem 1.4. Let {M,g) be a closed Riemannian manifold of dimension d. Then 

X,ifg)VoliM,fg)^ ^Cig), 
where f is any positive function on M and C{g) is a constant independent of f . 

The latter Theorem 11.41 can be seen as a generalization of Theorem 11.11 due to 
the Uniformization Theorem for the Riemann sphere. 

As it turns out. Theorems 11.31 and 11.41 do not give us a full variety of ways in 
which one can generalize the 2-dimensional setting of Theorems 11.11 and 11.21 In [P] , 
Polterovich proposes to look at a symplectic side of this story. For a given closed 
symplectic manifold (M, u), he considers the Kahler, and the quasi-Kahler categories. 
In the Kahler case, Polterovich looks at the collection of all Riemannian metrics g 
on M, such that g{-, ■) = u{-, J-), where J is a complex structure (i.e. an integrable 
almost complex structure) on M. In the quasi-Kahler case, Polterovich considers the 
collection of all Riemannian metrics g on M, such that g{-, ■) = uj{-, J-), where J is 
an almost (i.e. not necessarily integrable) complex structure on M. As it turns out, 
these two settings exhibit an opposite type of behaviour in terms of Ai. Namely, in 
the Kahler case we meet with a rigidity phenomenon, whereas in the quasi-Kahler 
case we have examples of a flexibility, as the following two theorems of Polterovich 
show [P] : 

Theorem 1.5. Let {M,u) be a closed symplectic manifold, such that u is a rational 
form. Let g be a Kahler metric whose Kahler form is u. Then 

Ai ^ C{u), 

where C{u) is independent of g. 
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Theorem 1.6. Let (T'^,(t) be the standard symplectic 4-torus. Let (M, w) be a closed 
symplectic manifold. Then, on (T"^ x M, cr © w) there exists a quasi-Kahler structure 
with arbitrarily large Ai. 

In the case of the Kahler category, it is stiU an open question whether Theo- 
rem [L5] is true for any closed symplectic manifold (M, a;). In the quasi-Kahler case, 
Theorem 11.61 was generalized by Mangoubi [M] : 

Theorem 1.7. Let (T^,(j) be the standard symplectic 2-torus. Let (M, w) be a closed 
symplectic manifold. Then, on (T^ x M, a © w) there exists a quasi-Kahler structure 
with arbitrarily large Ai. 

In [M], Mangoubi raises the following conjecture: 

Conjecture 1.8. Let (M, u) be a closed symplectic manifold of dimension ^ 4. Then, 
there exists a quasi-Kahler structure on it with arbitrarily large Ai. 

The approach of Polterovich in the proof of Theorem ll.6l is based on a construction 
of an isotropic singular distribution on (T^ x M,a © u), which satisfies Hormander 
condition. After providing the construction, Polterovich fixes some Riemannian met- 
ric on X M which is compatible with a © and applies to it a "stretching the 
neck" -type procedure associated with the constructed distribution, and thus pro- 
vides us with a new Riemannian metric on x M. Then finally Polterovich applies 
Hormander theory [Ho] to show that by such a procedure one might get a desired 
Riemannian metric on x M, and this finishes the proof of Theorem 11.61 

Mangoubi, in order to prove Theorem II. 7[ generalizes the approach of Polterovich 
by expanding it to non-regular distributions. Mangoubi proves, that on (T^ xM, a(Buj) 
there exists an isotropic singular distribution that satisfies the Hormander condition, 
by providing the needed construction. After establishing this, Mangoubi constructs 
a Riemannian metric on x M by the way which is similar to the "stretching the 
neck"-type procedure in the approach of Polterovich, and concludes Theorem 11.71 by 
showing that this is a desired metric. However, the last step of the proof is technically 
more difficult than the one in the case of Theorem 11.61 of Polterovich. In order to 
overcome these difficulties, Mangoubi applies the theory of anisotropic Sobolev spaces 
as developed in |R-S] . and the machinery of fractional Sobolev Spaces also known as 
Bessel Potential Spaces. 

In [M], Mangoubi raises the following 

Conjecture 1.9. Let (M, w) be a closed symplectic manifold of dimension ^ 4. Then 
one can find on (M, u) an isotropic singular distribution that satisfies the Hormander 
condition. 
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A positive answer to Conjecture [L9] will imply Conjecture [L8l as Mangoubi shows 
in [M]. Interestingly, a negative answer to Conjecture 11.91 would yield to a new type 
of symplectic rigidity. 

In this paper we concentrate on the quasi-Kahler situation. We affirmatively 
answer to Conjecture 11.81 and prove the following 

Theorem 1.10. Let {M'^"',uj) be a closed symplectic manifold of dimension 2n ^ 4. 
Then there exist Riemannian metrics g on M , compatible with the symplectic structure 
oj, having arbitrarily large Ai. 

The proof of Theorem 1 1 . 1 01 relies on the following local result (see below the section 
describing the notations that we use here): 

Proposition 1.11. For any R > and for any e > there exists ^ < r < R, and a 
Riemannian metric g on the domain 

D^n^ = {x G M^" I r < |x| < R}, 

which is compatible with the standard symplectic structure ujgtd on Dl\, such that g 
coincides with the euclidean metric on a neighborhood of the boundary of D^J]^, and 
such that for any smooth function f : -D^'}^ — R satisfying 

[ \\^J\\ldg',r,^l, 

r,H 

there exists some G M; such that for any r < u < R we have 

I \f - dg^:,-' ^ 

where 

Sl""-^ = {xe M^" I |x| = u}, 
and gstd is the euclidean metric on Dl\. 

In our approach, similarly to the approach of Polterovich, and of Mangoubi, we 
construct the desired Riemannian metric with help of a "stretching the neck" -type 
procedure. However, in our approach we use ideas that are different from the con- 
struction of isotropic distribution that satisfies the Hormander condition, as it was 
done by Polterovich [P], and later generalized to the case of singular distributions by 
Mangoubi [M]- 
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Structure of the paper 



In section[2]we sketch an outline of the proof of Theorem ll.lOi In section[3]we prove a 
number of preliminary lemmas, which are used later in the proofs of Proposition 11.111 
and Theorem 11.101 The proofs of lemmas from section [3] are quite standard and 
straightforward, and can be omitted by the reader. In section H] we prove a local 
result - Proposition 11.111 Proposition 11.111 is the central ingredient in the proof of 
Theorem 11.101 in section [5l 

Notations 

Looking at the euclidean space M'^, by | ■ | we denote the euclidean norm, and by 
(■, ■) we denote the scalar product on Mf^. We use the notation Qstd for the standard 
euclidean metric on Mf^: gstd{u, v) = {u, v), at each point of Mf^. For r > 0, we denote 
by 

= {xeR'^\ \x\ = r} 

the {d — l)-dimensional sphere of radius r centered at the origin, in M*^. For r > 

and X G M'^, we denote by 

B^{x) = {yeR'^\\y-x\<r} 
the open ball of radius r centered at x, and by 

5^(a;) = {y eR'^Wy -x\ ^r} 

the closed ball of radius r centered at x. 

On the unit sphere S*^""^ C M^" centered at the origin, consider the spherical 
Riemannian metric that is induced from the euclidean metric on M^". For any x G 
^2n-i p > we denote by Bp{x) C 5^""^ the ball of radius p centered at x, with 
respect to the spherical Riemannian metric on S*^""^. We will call B^[x) as "spherical 
cap", or as "spherical ball". We denote by the spherical p-ball around the point 
(1, 0, 0, 0) G S'^"~^. In the sequel we will also consider hypersurfaces of the form 

rBl{x) = {ry\yeBl{x)}(ZSl'^-\ 

for r, p > 0, and x G S"^^'^ . We will call them as spherical caps (spherical balls) as 
well. 

We denote by Ustd the standard symplectic form on M^"'. For given < r < i? < oo, 
we denote the annulus 

D2n^ = {x G M^" I r < \x\ < R}. 
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Given a smooth manifold X'^, and a Riemannian metric g on X, we denote by 
II ■ \\g the norm on TX induced by g. For a differentiable function / : X — > M, by 
Vgf we denote the gradient of / with respect to the metric g, so Vgf{x) G T^X for 
any x G X. For ^ k ^ d, a /c-dimensional submanifold S C X, and a continuous 
function / : S — > M, we denote by Jj, / dg^ the integral of / over S with respect 
to the volume density on S which comes from g. We will use the notation Volg{Il) 
for 1 dgf'^. For a continuous function /i : S — M, we will say that h is almost 
equal to some E' G M in the L'^{g) sense, with respect to the volume density dg'^, if 
jj, |/i— -Ep dg'' is small; we will say that h is almost equal to some E' G M in the average 
L'^{g) sense, with respect to the volume density dg^, if y^lf^^.-^ \ h — E]"^ dg^ is small. 
Given two /c-dimensional submanifolds Si,S2 C X together with a diffeomorphism 
: El — S2, and continuous functions /ii : Si — )■ M, /12 : S2 — )■ M, we will say that 
/i2 is close to hi in the L'^{g) sense when we identify S2 with Si via the map tp, if 
/^^ \ip*h2 — hi\'^dg^ is small. 

If S C M'^ is a /c-dimensional submanifold, then by Vo/(S) we mean Volg^_^^(T?). 

For a nice (e.g. open) subset S C 5*^""^, and a continuous function / : S — M, 
we will also use the notation f{6) dO for / dg'^J^^^. 
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2 Outline of the proof 

In this section we provide an explanation of the proof of Theorem 11.101 which claims 
that for a closed symplectic manifold (M^",a;), there exist Riemannian metrics g 
on M, compatible with w, which have arbitrarily large first eigenvalue \i{g) of the 
Laplacian associated with g. Recall that one can express \i{g) as the minimum of 

iMPdg''' ' 

when we run over all non-zero functions / : M — )■ R having zero mean: J^^ fdg^" = 0. 
Hence the first eigenvalue is large if and only if, for any smooth function / : M — )■ M 
satisfying 

Jm 
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/ \\VJ\\ldg'-^l, 

J M 

we have that / is "almost zero" on M in the L'^{g) sense, or in other words, that 
is small. 

In the proof of Theorem 11.101 we avoid possible complications with the topology 
of M, by first proving a local result (Proposition II. Ill) , and then by passing to any 
closed symplectic manifold via a smooth triangulation. Below in section [2l2| we briefly 
explain the proof of Proposition II.IH and in section 12.31 we briefly explain how we 
reduce Theorem 11.101 to Proposition II. Ill Section 12.11 explains the "compressing the 
neck" procedure, that is used in the proofs of Proposition 11.111 and of Theorem 11.101 
We direct the reader to section [2TT] first. 

2.1 "Compressing the neck" - explanation 

We use the following idea (similar constructions were used in [P], [M])- Let (M, cu) 
be a symplectic manifold (open or closed). Assume that we have fixed a Riemannian 
metric on M, which is compatible with the symplectic structure w, and denote by 
Jo the almost complex structure on M , associated with u and g^. Let U C M be an 
open subset of M, let y be a smooth non-zero vector field defined on f/ C M, and 
let S C f/ be a (2n — l)-dimensional hypersurface, such that E is a proper subset of 
M. Denote by ip^ the flow of F, and assume that for some T > 0, we have '0*(S) C U 
for any t G (0,T). Denote S' = 'ip'^ijl) C U. Given all this setting, we can deform 
the metric g in the following way: choose a smooth function 6 : M — j- M, such that 
h{x) ^ 1 on M, such that h{x) = 1 on some open set containing M\U, and such that 
the function b{-) is very large on almost all of U. Then considering the ^fQ-orthogonal 
decomposition 

TU = Span{Y) © Span{JoY) © L, 

for any x G f/ we define 

g\x = b{xy^go\x © K^)go\x © go\x, 

and for any x ^ U we set gl^ = go\x. Clearly g is compatible with uj as well. 
By choosing an appropriate function 6(-), we can achieve that the hypersurface S 
will become very close to S', in metric g, since for any x G S, the flow trajectory 
{ip^{x) 1 1 G [0,T]} becomes very short, in metric g. Then, one can easily check that 
as a consequence, we get the following: for any continuous function / : f/ — M which 
is smooth inside U, and which satisfies 

/ ||V,/||Jd/"^l, 
Ju 
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we have that the restriction is very close to the restriction in the L'^{go) 
sense (in fact, in the L'^{gi) sense, for any initially chosen Riemannian metric gi on 
M), when we identify S' with E with help of the map ip"^ . This way of passing from 
the metric go to the metric g reminds the so-called "stretching the neck" procedure, 
but as we can see, it's purpose is rather to "compress" than to "stretch". Along this 
section [2], we will call this way as "compressing the neck on U along the vector field 
Y". 



2.2 Local result 

Proposition 11.111 tells us, that we can deform the standard euclidean metric on the 
annulus -D^*^ (for some ^ < r < R), such that we will get again a Riemannian metric 
on D^j^ that is compatible with the standard symplectic structure Ustd on D'^j^, and 
such that any smooth function on -D^^^j having the L^-norm of its ^^-gradient bounded 
by 1, is almost constant on the cocentric spheres 

5f -1 = {xe M^'' I |x| = u}, 

in the L'^{gstd) sense, where u G (r, R), and the constant is the same for all u G (r, R). 
In our construction, the volume of the annulus -D^'^j is divided into two sub-annuli 
D^"^, and -D^,"^ (where r < r' < R), when these sub-annuli play different roles in the 
construction and in the proof. The sub-annulus -D^r^ is chosen to be of width e (i.e. 
R — r' = e), and the width r' — r of the sub-annulus D'^'^, is much smaller relative 
to e. On -D^'\ choose the metric g to be equal to the standard euclidean metric 
gstd, while on D^", we construct g by deforming the euchdean metric gstd so that the 
metric g occurs to be "mixed enough" (the precise meaning of this will be clear in 
the sequel). In the proof that g is the desired metric, the roles of the sub-annuli -D^J^^ 
and -D^r' different. Let us give a rough explanation of this point. Assume that 
/ : -D^i? — is a smooth function with 



/ W^^JWldg'^^d^^- (2.2.1) 



Then we use the sub-annulus D'^^j^ and (12.2.11) to show, that on the sphere S'^J^~^ 
(which is a part of its boundary), there exists a small piece of volume (which in fact 
is a spherical cap) of size having rate e, such that the restriction of / to it is almost 
constant in the average L'^{gstd) sense (Lemma 14.21 in section H]). Then, we use the 
fact that g is "mixed enough" on -D^"/, to show that the condition (12.2.11) will imply 
that in fact, / is almost constant on concentric spheres 5"^""^ for u G {r,r'], in the 
L^igstd) sense. Then, using the fact that g is standard on -D^'\ ^^"^ thai the width 
R—r' of D^Vji is small, we easily show that (12.2. ip implies that / is almost constant on 
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concentric spheres 5"^"""^ in the L'^{gstd) sense, also for u G (r', R). To be more precise, 
we conclude that there exists some G M such that for each u G (r, R), the restriction 
of / to 5"^""^ is close to E in the L'^{gstd) sense, up to Ce, where C = C{n, R). Since 
e can be arbitrary, by replacing e by ^, we conclude the proposition. 

Let us go over the construction of g on -D^'^j, and explain the role of D'^Pj^ and 
Df"^, in the proof in more details. 

2.2.1 Sketch of the construction 

Consider the sphere S*^"^^ C M^", and denote by H the Hopf vector field on 5*^"^^: 
H{x) = Jx for any x G S*^""^, where J is the standard almost complex structure on 
M^". Choose an isometry a : S*^""^ — )■ S^"~^ of the sphere, such that the pushforward 
a^:H of the Hopf vector field H, is transverse to the Hopf vector field H at some point 
Xi G S*^""^, and hence for some spherical cap S := B^{xi) C 5*^"^^ around Xi, the 
vector field a^^H is transverse to the Hopf vector field H on the closure S. The radius 
p of the cap S can be chosen to depend only on the dimension 2n — 1. Then we can 
choose and fix a certain finite collection | x G V} of non-intersecting spherical 

caps of radius 2e inside S, where V C S C S"^^'^, such that distance from each such 
(for a; G "P) to the boundary dS is bounded away from 0, and such that the 
cardinality \V\ of this collection has rate ^2n-i ■ We show (Lemma 14.11 in section Hj) 
that on S*^""^ there exists a smooth time dependent vector field F*, t G [0,T], such 
that is sufficiently C°-close to the vector field a^H, such that the fiow t G [0, T] 
of is volume preserving, and such that for any cap in {i?£(x) | x G V}, there exists 
a collection of time moments ti G (0, T), i = 1,2, ...,N, so that the preimages of this 
cap under ijj'^', i = 1,2, N, cover the sphere "near-uniformly" . Observe that if Y^, 
t G [0,T] is sufficiently C^-close to a^H, then Y^, t G [0,T] must be transverse to the 
Hopf vector field H on S, as well. This observation will be used in the sequel. Now, 
given this time dependent vector field F*, t G [0, T] on S*^""^, for 6 > small enough, 
we set r' = R — e, and r = r' — TS, and we define a (time independent) vector field 
Yg on Df^,, which in polar coordinates has the form 

Ys{r'-6t,e) = {-5,Y\e)), 

for t G [0,T] and 6 G 5^"^^. In other words, we obtain the time independent vector 
field Ys on Z)^", by "spreading" the time dependent vector field Y^, t G [0,T] through 
the family of spheres S^^~^, u G [r, r'] (and so the radius u = r' — 6t plays the role 
of the (reparametrized) time), and then by adding a small component (of amount 6) 
in the minus-radial direction. Note that as a consequence, if we look at the fiow ipg 
of the (time independent) vector field Ys, applied to the sphere S'^P, we get just a 
composition of homotheties of M^" with the fiow ip* of the (time dependent) vector 
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field r*: 

Now we construct the metric g on D^", by starting with the standard euchdean metric 
gstd on Df^,, and then "compressing the neck on Df"^, along the vector field Ys" . On 
\ D^^, we set g = gstd- Since the vector field Y^, t G [0, T], is transverse to the 
Hopf vector field H on S*, we are able to find a certain smooth vector field (which 
has a bounded norm, uniformly on 5) on [r, r'] ■ S C D^",, which is orthogonal to 
SpaniYs^ JYs) at every point of [r, r'] ■ S, and which radial component equals —1, or 
in other words, in polar coordinates we have 

Xsir'-6t,e) = {-i,xlie)), 

for any t G [0, T] and 6 ^ S, where Xj, t G [0,T], is a certain time dependent vector 
field on 5 C 5^""^. The fiow cr| of Xg (which of course, might be defined only 
partially), satisfies 

al{r',e) = ir'~s,al{e)),se[0,6T), 

where cr|, s G [0,6T) is the fiow of the time dependent vector field X/, s G [0,(5T). 
Note first, that since the time range for the parameter s is small (of length 6T), and 
our vector field Xs (and hence also Xj) is bounded uniformly on 6, it follows that 
for 6 small enough, the fiow cr|(^), s G [0, 6T) is well defined when the distance from 
^ G S* to the boundary dS is bounded away from 0, and moreover the fiow 5"|(^), 
s G [0, 6T) is arbitrarily C'^-close to the identity when 6 is small enough. Secondly, we 
show that in fact, one can choose Xs for small 5 > as above, such that in addition, 
the fiow cr|, s G [0,6T) is "almost volume preserving" when 6 is small enough. 

2.2.2 Sketch of the proof 

Let / : -D^i? — M be a smooth function such that (12.2. ip holds. First, by looking at 
the restriction of / to -D^'^i?' using f l2.2.ip . we show (Lemma 14.21 in section HI) that 
there exists a certain spherical cap i?£(x2) from our collection of caps (i.e. X2 G V), 
such that on r'i?|^(x2) C S^r, the function / is almost constant (denote this constant 
by E) in the average L'^{gstd) sense. 

Now for some s G (0, ST), apply the map (t| (which belongs to the fiow of Xs) to 
r'i?£(x2) C S*^". Since 6 (and hence s) is small enough, and the vector field Xs is 
bounded uniformly on 6, we get that the hypersurface r'i?£(x2) is very close to the 
hypersurface cr|(r'i?f^(x2)) C Sf.rL^, in metric g. Therefore we can conclude that the 
restriction of / to (T|(r'i?£(x2)) is very close to the restriction of / to r'i?£(x2), in the 
L'^i.Qstd) sense, when we identify (T|(r'S|^(x2)) with r'i?|^(a;2) via the map cr| (note 
that here we did not use a "compressing the neck" procedure - it is not necessary 
since the hypersurfaces r'i?f^(x2) and (j|(r'i?£(a;2)) are already close in the metric g). 
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Hence we conclude that the restriction of / to (T|(r'i?£(x2)) is almost equal to E in 
the average L'^{{(Tl)^gstd) sense (i.e. when we consider the LF' norm with respect to the 
pushforward by the map (t|, of the standard spherical volume density 'ifi'sId~^lr'B| {x2) 
from r'i?£(a:2) to cr|(r'i?fj,(a;2))). Now, since 5"| is "almost volume preserving", we 
conclude that in fact, the restriction of / to (T|(r'i?£(a;2)) is almost equal to E in the 
average L'^{gstd) sense. Since for small 6, the map cr|(6') is arbitrarily C°-close to the 
identity, we conclude that (j|(r'i?£(x2)) ^ {r' — s)B^ {X2), and therefore in particular, 
on (r' — s)Bf{x2) the function / is almost equal to the constant E, in the average 
L^idstd) sense (see Lemma l473l in section H]). 

We have used the flow of Xs to show that for each s G (0,5T), the restriction 
of / to (r' — s)B^{x2), is almost equal to the constant E, in the average L'^{gstd) 
sense. We can rephrase it by saying that for each t G (0,T), the restriction of / to 
{r' — St)B^ {X2), is almost equal to the constant E, in the average L'^{gstd) sense. Now 
let us use the vector field Ys, for a similar purpose. Note that we have 

Because we have done the "compressing the neck on D'^^, along y^" , we can conclude 
that the restriction of / to S'^J^s/^ is very close to the restriction of / to S'^J^~^ in the 
L'^idstd) sense, when we identify S'^rSsl with S'^J^~'^ via the map ip^^. In particular, 
the restriction of / to (r' — 5t)Bf{x2) C Sl?Zst is very close to the restriction of / to 
i.'^\)~^{i.r'-5t)Bf{x2)) C Sl?~^, in the L'^{gstd) sense, when we identify {r' -5t)Bf{x2) 
with {'4^\)~^{{r' — 5t)Bf[x2)) via the map The map is volume preserving, and 
hence the restriction of ip\ to S'^J^~^ is conformally volume preserving, as a map from 
S'^J^~^ to Sl?Zsf Also recall that the restriction of / to (r' — 5t)_Bf (^2), is almost 
equal to the constant E, in the average LF'{gstd) sense. Hence we can conclude from 
the described above, that the restriction of / to {i^D'^iir' — 5t)Bf{x2)) C 5"^/^"^ is 
almost equal to the constant E, in the average L'^{gstd) sense (see Lemmas 14. 4^ 14. 5p . 

So we finally conclude that for any t G (0,T), the restriction of / to (^/'^)~^((?"' — 
6t)Bf{x2)) C Sl?'^, is almost equal to the constant in the average L^{gstd) sense. 
Now, by one of the properties of the flow described above, for our point X2 G V, 
there exists a collection of time moments ^1,^2, •••5 ^Af ^ (0, T), such that the preimages 
('0*')~-^(i?f (X2)), i = 1, 2, A^, cover the sphere S"^""^ "near-uniformly" . Clearly this 
can be rephrased by saying that the preimages (V's )~"'^((^' ~ 5U)Bf{x2)) C S^?^^, 
i = 1,2,...,N, cover the sphere Sl?~^ "near-uniformly". Now, since the restriction 
of / to each such preimage {i^^s)~^{{r' — 5ti)Bf{x2)), is almost equal to the constant 
E, in the average L'^{gstd) sense, we conclude that in fact, the restriction of / to the 
whole sphere 5"^/^"^ is almost equal to E, in the LF'{gstd) sense. Having this in mind, 
it is already easy to derive the statement of Proposition II. Ill Indeed, if u G (r, r'), 
then writing u = r' — 6t for t G (0,T), we can use the vector field once again, 
identifying S^!"'^ with ^^"-i with help of the map ^/^^, to conclude that the restriction 
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of / to the whole sphere S"^ ^, is almost equal to E, in the L'^{gstd) sense. Now, if we 
have u G (r, i?), then we can use the minus-radial vector field X{x) = — on Dr'^R, 
and its flow, identifying the sphere Sl"'~^ with the sphere S*^""^, to conclude that the 
restriction of / to the whole sphere 5"^""^, is almost equal to E, in the L'^{gstd) sense. 
So finally, for any u G (r, R), the restriction of / to the whole sphere 5"^""^, is almost 
equal to E, in the L?{gstd) sense. More precisely, we have shown, that by taking 
sufficiently small 5, and by appropriately applying the "compressing the neck", we 
get that for any smooth function / : Dl\ — )■ M satisfying (12.2.11) . there exists some 
G M, such that for any u G (r, i?), the restriction of / to S'^~^ , is close to E in the 
L'^i.gstd) sense, up to Ce, where C = C{n, R). Since we have freedom in the choice of 
e, we conclude Proposition II. Ill 

2.3 From local result to global 

Here we briefly describe how we reduce Theorem 11.101 to a local result (Proposi- 
tion [HI]). 

2.3.1 Sketch of the construction 

Choose a smooth triangulation of M. Let { Aq, | a G /} be all the open simplices of this 
triangulation. Choose a Riemannian metric go on M, such that for each a G /, there 
exists a Darboux neighborhood inside Aq,, on which go coincides with the euclidean 
metric. 

The desired metric g on M will be constructed by deforming go on a proper 
subset of Aq, for each a G /. For a given a G /, let us describe the way in which 
we deform go inside Aq. For the sake of convenience, we will actually work not on 
Aq, but on the open unit ball Bf^{0) C M^*^. In order to make this switch, we use 
Lemma [3^ (section [3|) . which implies that there exists a bi-Lipschitz homeomorphism 
\1/q, : Aq —7- Bi (0), such that its restriction to Aq, is a diffeomorphism onto the open 
unit ball Bf{0), and such that its restriction to A'^, is a diffeomorphism onto the 
image, where A'^ is the union of Aq with all of its open faces. Because of our choice 
of the metric go, WLOG we may assume that the pushforward cUq = {"^a)*^ of u 
from Aq to i??"'(0), and the pushforward goa = (^a)*5'o of do from A' to \E'q(A' ), 
coincide with Ustd and gstd near the origin E B^ (0), respectively. Hence we can 
flnd some Ro > such that cJq = Ustd and go^a = Qstd on i?|j"(0), for each a E I. 

Take < R ^ Ro small enough. By Proposition II. IH there exists ^ < r < R, 
and a metric gioc on the domain 

={xeM.^''\r< \x\ < R}, 
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which is compatible with Ustd, and is standard near the boundary, such that for any 
smooth function / : -D,^'^ — )■ M with 

/ \\^J\\ldg!r,^l, 

there exists some £" G M, such that for any r < u < R, the restriction of the 
function / to S^^~^, is very close to the constant function E, in the L'^{gstd) sense. 
Denote by X{x) = —-^^ the "minus-radial vector field" on M^" \ {0}. Now let us 
explain how we deform the metric go^a to a metric g^, inside A^. At a first step, we 
define a preliminary metric on i?f"(0) by starting with the metric (7o,a on -Bi"(0), and 
changing it on -D^^ to be equal to gioc- Then we define ga on Bf^^O) by starting with 
this preliminary metric on i?^"(0), and applying the "compressing the neck on -D^"i 
along the vector field X" . 

Finally, we define the metric g on M to be equal to {'^a)*ga on each Aq,, and set 
^ = 5fo on M \ (U„6/Aa). 



2.3.2 Sketch of the proof 



Let us show that the metric g will have arbitrarily large Ai, provided that we took R 
to be small enough, and did an appropriate "compressing the neck" . 

Let / : M — )> M be a smooth function with 

/ fdg''^ =0, 

and 

/ \\VJ\\ldg'-^l. 
Jm 

Then for any a E I, consider /„ : (0) — )■ M defined as fa = {'^a)*f - the pushfor- 
ward of / by \E'q. Then is smooth inside Bf'^{0), and is continuous on B^ (0). We 
have 

/ \\^J\\ldgr= I WVJWldg'-^l, 

and hence 



/ \\^,M\l dg'o% = [ \\^,M\l dg'- ^ 1. (2.3.2) 

Now, since g^ = gioc on Dl\, by Proposition ILllI we conclude that there exists 
a constant Ea G M, such that for any r < u < R (and hence, by continuity, also for 
u = r,R), the restriction of the function fa to 5*^""^, is very close to the constant 
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function Ea, in the L'^{gstd) sense. Then, because we have done a "compressing the 
neck" on Dj^-^^, we get that for any u G (i?, 1), the restriction of fa to 5"^"""^ is very 
close to the restriction of fa to S]^"^, in the L'^{gstd) sense, when we identify S^""'^ 
with S'^~^ via a homothety (which is part of the flow of the vector field X). Hence 
we conclude that also for u G {R, 1) (and hence, by continuity, also for u = 1), the 
restriction of to 5^""^, is very close to the constant function Ea, in the L'^{gstd) 
sense. Therefore, integrating over the radius, we conclude that the restriction of fa to 
D^", is very close to the constant function Ea, in the L^{gstd) sense. Finally, from the 
fact that the restriction of fa to S*^""^, is very close to the constant function Ea, in 
the L'^{gstd) sense, and from ( I2.3.2p . since r is small we conclude that the restriction 
of fa to Bl'^ifS), is very close to the constant function Ea, in the L'^{gstd) sense (at 
this point we use Lemma [3.51 from section [3]). 

Hence we get the following: 

1) The restriction of fa to S^""! = Sl"""^ = ^^f (0), is very close to the constant 
function Ea, in the L'^{gstd) sense, and hence in the L'^{go^a) sense. 

2) The function fa is very close to the constant function Ea, in the L'^{gstd) sense, 
and hence in the L'^{go^a) sense, on Bf'^{0). 

Going back to the manifold M with help of maps "^a, a G /, we get: 
1') The restriction of / to dAa, is very close to the constant function Ea, in the 
L'^{go) sense. 

2') The restriction of / to Aq, is very close to the constant function Ea, in the L'^{go) 
sense. 

Now we use 1') to conclude that in fact all Ea are close real numbers. Indeed, 
considering any two adjacent simplices Aq and A^ having a common face S, from 1') 
we get that the restriction of / to S, is very close to both Ea and Ej3, in the L'^{go) 
sense. Hence for any two adjacent simplices Aq, and A^, we have that Ea is close 
to Ei3. Now, since our triangulation is fixed, and since we have a finite number of 
simplices in our triangulation, we conclude that all Ea, a & I, are close real numbers. 

Now fix any G M which is close to all Ea, a E I (we can take E to be equal to 
any E^). Then from 2') we get that for any a G /, the restriction of / to A^^, is very 
close to E, in the L'^{go) sense. But this implies that in fact, / is very close to E on 
M, in the LP' {go) sense, and hence in the L'^{g) sense. Finally, since / is normalized: 
Jm f dg'^'' = 0' we get that E is very small, and hence we conclude the statement of 
the theorem. 
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3 Some preliminary lemmas 



Lemma 3.1. Let X be a smooth closed manifold, and let f : X ^ W be a Lipschitz 
(with respect to some auxiliary Riemannian metric on X) function on X. Then 

1) There exists a Lipschitz function F : [0, 1] x X — )■ R (we consider the standard 
metric on [0, 1]), such that -F(l,x) = f{x), such that F is smooth on [0, 1) x X, and 
such that we have the following: if U ^ X is an open set so that f is smooth on U, 
then F is smooth on [0, 1] x U. 

2) Moreover, if f was a positive function then F can be chosen to be positive as well. 

Proof of Lemma \3. 1[ First of all, it is enough to prove 1). Indeed, assume that 1) 
is true. Now let / : X — )■ M be a positive Lipschitz function on X. Then by 1), 
there exists a function F : [0, 1] x X — M with the desired properties. Then for 
sufficiently small e > 0, replacing F by the function G : [0, 1] x X — )■ M defined as 
G{t, x) = F(l — e + et,x), we obtain 2). 

Now let us show 1). First of all, using partition of unity, we reduce the statement 
of the lemma to the situation where the support of F lies on a small chart. Hence it 
is enough to prove the following local statement: 

If / : R*^ — )• M is a compactly supported Lipschitz function, with supp{f) C V for 
some open V C R*^, then there exists a Lipschitz function F : [0, 1] xR'' — R such that 
F{l,x) = /(x), such that F is smooth on [0, 1) x R'', such that supp{F) C [0, 1] x V, 
and such that we have the following: if f/ C X is an open set such that / is smooth 
on U, then F is smooth on [0, 1] x U. To prove this, we can use a convolution. Indeed, 
let / : R'^ — )■ R is a Lipschitz compactly supported function, with supp{f) C V for 
some open V C R'^. Pick a non-negative function : R'' — R having sufficiently 
small support, and such that Jj^^ = 1. Now, define 

for t G [0, 1). Now define F : [0, 1] x R'^ ^ R by F(l,x) = f{x) for x G R"', and 
F{t,x) = if * (j)t){x) for G [0, 1) x R"'. We claim that F is a desired function. 

Indeed, for t G [0, 1) we have 

F{t,x) = {f * 4>t){x) = I (pt{y)f{x-y)dy = f ^ ( ) f{x - y)dy, 

and after change of variables z = we get 

F{t,x)= [ (j){z)f{x-{l-t)z)dz, (3.1) 

Note that the equation (13. ip is true also for t = 1, so (13. ip is true for all (t,x) G 
[0, 1] X R*^. Therefore we obviously get all the desired properties of F. 
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□ 



Lemma 3.2. Consider an open hounded convex polytope K C W^. Denote by K' the 
union of K with all of its open faces. Then there exists a bi-Lipschitz homeomorphism 
K — )■ B^{Q), such that its restriction to K is a diffeomorphism onto the open unit ball 
Bf{0), and such that its restriction to K' is a diffeomorphism onto the image of K' . 

Proof of Lemma \3.2[ WLOG we may assume that & K. As a first step, we define 
the function F : 5**^"^ — )■ M as follows: for 6 G S"^"^, set F{6) > to be the unique 
positive number such that F{9)e E OK. Now define § : S"^"^ K by ^{9) = F{9)e. 
Denote W = '^~^{K' (1 dK) C S'^~^ to be preimage by \E' of the union of all open 
faces of K. Then clearly, F is smooth on W . Moreover, as it is easy to see, F is 
Lipschitz on S'^~^. Therefore by Lemma [XT| there exists a positive Lipschitz function 
G : [0, 1] X S'^-^ -> M, such that 6) = F{e), such that G is smooth on [0, 1) x X, 
and such that G is smooth on [0, 1] x W. Let C > be a Lipschitz constant for 
G, and let a = min[o,i]x5d-i G. Choose a smooth function u : [0,1] — ?■ [0,1] such 
that for some b,c E (0,1), we have u{t) = c for t G [0,b], such that n(l) = 1 and 
u{t) < 1 for t < 1, and such that I^^X'^)! ^ ^ on [0, 1]. Then, given such a function 
M, choose a smooth function v : [0, 1] — t- [0, 1] such that v(t) = 1 for t G [b, 1], such 
that v{t) = for t G [0, |], and such that v'{t) ^ on [0, 1]. Now define the function 
H : [0, 1] X 5"^-! ^ M as 

H{t, 6) = G{u{t), e)v{t) + ail - v{t)). 

Then first of all, H is Lipschitz on [0, 1] x S*^""^, smooth on [0, 1) x S*^"^^ and on 
[0, 1] X W, we have H{1, 6) = F{e) for 6 G ^^"-i, we have H{t, 6) = a hi t e [0, |] 
and 9 G S*^'""^, and we have if ^ a on [0, 1] x S'^^^. Secondly, for t G (0, b] we have 

Ht{t, e) = ^(G(c, e)v{t) + a(l - vm = (G(c, 6) - a)v\t) ^ 0, 

and for t G [6, 1) we have 

H,{t,e) = ^G{u{t),e) = G,{u{t),0)u'{t) ^ -G^ = 

Hence in any case, for t G (0, 1) and Q G S*^""^ we have 

E,{t,e)~^-\. 

Now define the map ^ : Si(0) -> so that ^(0) = 0, and such that on 5^(0) \ 
{0}, \E' is expressed in polar coordinates as 

^{t,d) = {tH{t,d),d). 
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Then we have = ax for x G 5^(0), and hence together with the smoothness of 

2 

H on [0, 1) X S'^"^, and the fact that H is Lipschitz on [0, 1] x S*^""^, the latter imphes 
that is a smooth map on Bf{0), and that \1/ is Lipschitz on -Bi(O). Also, from the 
definition of \E' it follows that it is smooth at the points of C S"^^^ C i?i(0). Now, 
for any t G (0, 1) and 6 G S"^"^ we have 

^^{tH{t, 6)) = H{t, 6) + tHt(t, e)^a-t^^^. 

Together with the fact that = ax for x G Bf{0), first of all, the latter implies 

2 

that is a bijection from -Bi(O) onto K, and since is a continuous map, the 
compactness of -Bi(O) implies that is a homeomorphism. Secondly, we get that \E' 
is a diffeomorphism from Bf{0) onto K, and that the Jacobian of is bounded from 
below on Bf{0) by a positive constant. That fact, combined with the fact that is 
Lipschitz on Bf{0), imply that the restriction of \E' to Bf{0) is in fact a bi-Lipschitz 
map onto K. Hence is a bi-Lipschitz map from i?i(0) onto K. 

Therefore : K — -Bi(O) is the desired map. 

□ 

Lemma 3.3. Consider a d- dimensional open cube (—1, 1)'^ C M*^, endowed with coor- 
dinates (xi, Xrf) and with the Riemannian metric Qstd that comes from the euclidean 
metric on . Let e > 0, and let f : (— 1, 1)'^ — M be a smooth function, such that 



[ \Vf\'dgi,^e. 



Then there exists some G M such that for any — 1 < Xi < 1 we have 



f \f-E\'dg',;/<:Cs, 

J{xi}x(-l,l)<'-i 



and moreover we have 

'(-1,1) 

where C = C{d). 



[ \f-E\'dgi,^Ce, 



Proof of Lemma \3.3[ We prove the lemma by induction on the dimension d. First 
consider d = 1. In this case take E = /(O). Then for any x G (0, 1) we have 



\f{x)-E\' = \fix)-fm 



f\t)dt 



2 rx rl 

2 



^x / \nt)\'dt <: / \f\t)\'dt^e. 



Similarly we get — -Ep ^ e for x G (— 1, 0). As a consequence, we have 



1 

|/(x) - E\'^dx ^ 2e. 

1 
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This settles the case oi d = 1. 



Now assume that d ^ 2, and that the lemma is true when the dimension is (i — 1 
and let us prove it for the dimension d. Let / :(— 1,1)'^— i-Mbea smooth function 
such that 



/ \Vf\'dg',,,^e. 



'(-1,1) 

For any t G (—1, 1) define the function gt : (—1, 1)"'""'^ — )■ M as 

gt{x2, ...,Xn) = fit, X2, X3, Xn). 

Then ^ 

\Vgt{x2,...,Xn)\^dx2...dxd] dt 



1 V(-i,i)'* 



^ / \Vf\''dgi,^e. 



Hence there exists some ti G (—1, 1) such that 



\Vgti{x2, Xn)\'^ dx2 ... dxd ^ -. 



(-1,1)" 



Now, by the induction hypothesis applied to gt^^, there exists G M such that 

/ \gt^{x2,...,Xn) - E]"^ dx2...dxd 



\f{ti, X2, Xn) - dX2 ... dXd ^ 



Ce 



'(-i,i)'*-i ^ 
Now let t G (—1,1) be different from ti. WLOG assume that t G (ti,l). Then we 
have 

X2, Xn) - f{tl,X2, ...,Xn)\'^ dX2 ... dXd 



(-1,1)'* 



d_ 

1 dxi 



f{Xi,X2,...,Xn)dXi 



f {t-h)[f 



d 



dxi 



, X2 ) • • • ) Xn ) 



dx2 ... dxd 



dxi 1 dx2 ... dxd 



€ 2 



\ Jt 



d 



dxi 



f{Xi,X2, ...,Xn) 



dxi I dx2 ... dxd 



2 / ( / |V/(xi,X2, ) dx2...dxd 

^2 / \V f{xi,X2, ...,Xn)\'^ dxidx2...dxd ^2e. 



Hence we conclude that 



/ \f{t,X2,...,Xn)-E\'^dX2...dXd 

^2( / \f{t,X2,...,Xn) - f{tl,X2,...,Xn)\^ dX2...dXd 

+ / \f{ti,X2,...,Xn) - E\'^dX2...dXd] 



^ 2 



Similarly, one checks that 



X2, Xn) - dx2 ... cixd ^ (C + 4)e 



/ 

also for t G (— Finally, integrating over t, we get 

/ / \f{t,X2,...,Xn)-E\^dX2...dXddt 

\f-E\'dgi, 



^ 2{C + A)e. 



□ 



From Lemmas 13.21 and 13.31 we conclude the following 
Corollary 3.4. Consider the domain U = (—1,1) x Bf~^{0) C M^, where 

5f"i(0) = {xe M"^"^ I \x\ < 1} c 

and the metric Qstd on U that comes from the euclidean metric on W^. Let e > 0, and 
let f : U ^ he a smooth function, such that 

[ \^fVdg^,d ^e. 
Ju 

Then there exists some E ^M., such that for any — 1 < xi < 1 we have 



I \f-E\'dg'-,'^Ce, 



'{xi}xBf-^{0) 

where C = C{d). 
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Lemma 3.5. Let r,e > 0, and let f : B'^(0) — t- R &e a continuous function which is 
smooth on 5^(0), and such that for some E we have 



Then 

I 



[ \f-E\'dgi,^C{r' + er) 

JBm 



for some constant C = C{d). 



■d, 



Proof of Lemma \3.5[ Define the function F : B^{0) — M as F{x) = r2/(rx), and 



d 



denote E' = r^E. Then we have 



/ \F-EWs;/ = r[ If-EWsu'^re, 
Jsf Js;} 



and 

'Bf{Q) JBd:(0) 



I \yF\M9itd = r' I \Vf?dgitd^r\ 



Now, by Lemma 13.21 there exists a bi-Lipschitz homeomorphism [— 1, 1]*^ — )■ -Bi(O), 
such that its restriction to (—1, 1)'^ is a diffeomorphism onto the open unit ball Bf{0), 
and such that its restriction to the union of (—1, 1)*^ with all of open faces of (—1, 1)'^, 
is a diffeomorphism onto the image, and let C = C{d) > 1 he a bi-Lipschitz constant 
of this homeomorphism. Denote by H : [—1, 1]"' — t- M the puUback of F under this 
homeomorphism. Then we obtain 



H-E'W^i/^C'^'re, (3.2) 



a[-i,i]d 



and 

/ \VH\Wstd < C'+'r'. (3.3) 

Now, because of (13. 3p and Lemma [3l3| we conclude that there exists some E" e R, 
such that for any — 1 < xi < 1 we have 

\H -E"\^dg'^-/ ^C'r\ (3.4) 

'{xi}x(-l,l)d-i 

and moreover we have 

\H-E'fdgi,^C'r', (3.5) 

(-1,1)^ 
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where C = C'{d). 

Then on one hand, from (13 .4^ and the uniform continuity of H we get 

\H-E"\W,r/^C'r\ (3.6) 

'{Q}x{~l,l)d-^ 

On the other hand, from (I3.2p we get 

/ \H-Efdgt;/^C'-'re. (3.7) 

J{0}x(-l,l)<*-i 

Hence from (13. 6p . (13. 7p we conclude 
2'"'\E' - E"\ ^2(1 \H- E'fdg',;/ + [ \E' - H\'dgt;2 

Therefore, by (13. 5 p we get 

/ \H- Efdgi, <:2( [ \H- E'rdgi, + 2''\E" - Ef 

^ 2(CV2 + + 4C"^-Ve) = lOCV^ + 8C"^-Ve. 
Now, going back to the function F, we conclude 

/ \F- E'\^dgi^^ ^ C"^(10CV2 + 8C"^-Ve) ^ ^"(r^ + re), 
for C" = max(10C"'C",8C2'i-i). Therefore we finally get 



□ 



4 Proof of Proposition 11.11 



First of all, WLOG, in the proof of this proposition, we may assume that e is small 
enough. 

For some x G M^" \ {0} and a nonzero tangent vector Y E ^.(M^") \ {0}, denote 
by Z = l{x; Y) e ^.(M^") the vector that satisfies 

{Z,Y) = {Z, JY) = 0, 



21 



(Z,X) = 1, 

and that minimizes the euchdean distance \Z — X\, where X = — -j^ G M^" = T2-(M^"). 
It is easy to see that l{x] Y) is well defined when x ^ Span{Y, JY), which is equivalent 
to Y ^ Span{x, Jx), and we will apply l only in this case. Clearly, l{x; Y) depends 
on X and F in a smooth way, on its domain of definition. 

Restricting to 5^""^ C M^", we denote the Hopf vector field by H{x) = Jx. Now 
consider the Hopf vector field H on S*^""^. We can find an isometry a : 5*^"^^ — 5^"^^ 
of the sphere, such that the pushforward a^,H of the Hopf vector field H, is transverse 
to the Hopf vector field H at some point xi G S"^""^, and hence for some spherical cap 
S = Bp{xi) C S"^""^ around Xi, the vector field a^:H is transverse to the Hopf vector 
field H on the closure 5*. Note that the radius p of the cap can be chosen to depend 
only on the dimension 2n — l. Consider the spherical cap Bf{xi) C S*^""^, and choose 
a maximal set of points V C Bf(xi) with the property that the spherical distance 

3 

between any 2 distinct points of V is greater or equal to 4e. Since the spherical balls 
of radius 4e centered at the points of V, cover the ball Bf{xi), we conclude that the 

3 

cardinality of V satisfies 

VoliBfixi)) c(n) 
\V\ > > 

where Vol[-) is evaluated with respect to the volume density g^^^^- 

Lemma 4.1. There exists some T > and a smooth time dependent volume pre- 
serving flow ^Z'*, t G [0,T] on S*^""^, generated by a time dependent vector field Y* 
on S*^"""*^, such that Y^ is sufficiently C^-close to the pushforward a^H of the Hopf 
vector field on S*^""^, and such that the flow ip* , t G [0,T], satisfies the following: 
Take any x eV, and denote by x '■ 5^'""^ — ?■ M the characteristic function of Bf[x). 
Then there exist some ti,t2, ■■.,t]\f G (0,T) such that 

1 V-.Tt.N* ^ . .VoliB^ix)) 



on S*^" ^, where Vol{-) is evaluated with respect to the volume density g^^^ ^ , and 
c{n) > is some positive constant that depends only on n. 



Proof of Lemma 4-1 Along the proof we will use the notation Xz ^oi the characteristic 



function Xz ■ ^^""^ ^ M of B^{z) C S^''-\ where z G ^^"-i. 

Let Q be a maximal set of points of S*^""^ with the property that the spherical 



distance between any two points of Q is at least e. Then first of all, spherical balls 

€_ 

2 



of radius e centered at points of Q cover S^^ ^. Secondly, spherical balls of radius | 
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centered at the points of Q, do not intersect pairwise, which means that 



Vol{Bi 



Therefore we have 

1 ^ 1 



Voim) Vol{Bl 



on S 



2n-l 



Now let X G P and y G Q be any two points. Then there clearly exists a smooth 
flow 0* : S^'"-! S^"-!^ t G [0, 1], consisting of isometrics of 5^""^ such that 0*. ^ 
is identity when t is sufficiently close to or 1, and such that 

~i 

{<l>ly)*Xx = Xy 

Denote by ^* : S*^""^ S*^""^ the flow of a^H - this is also a flow of isometrics of 
S'^"'~^, and we have that ^^'^ is the identity diffeomorphism of S*^""^. Now take M^^y G 
N to be sufficiently large, and define the flow i^^^y : ^^"-i _^ s^""^, t G [0, 4M^,j^7r], 
as 



If we take M^^y to be sufficiently large, then the vector field that generates the flow 
ipl^y will be sufficiently C°-close to a* if. In addition, we have that ipi,y equals to ^* 
when t is close to the endpoints and AMx^yir, so that in particular 'ipt'^y'"'^'^ is the 
identity diffeomorphism of S^"~^, and also we have that 

i^l^y-n*X. = Xy. 

Now define the fiow t G [0, T] to be the concatenation of fiows ip^. y, when we run 
over all X eV and y E Q. We claim that ip'^ is a desired flow. Indeed, flrst of all it is 
smooth since t/^* ^ equals to ^* when t is close to the endpoints and AM^^yTi, for every 
X eV and y E Q. Secondly, the vector fleld that generates ip^, is sufficiently C°-close 
to a^:H. Fixing any x G P, we have that for any y E Q there exists ty E {0, T) such 
that {ip^^Yxx = Xy Therefore we have 

1 1 V- / ^ Vol(B^^) , A^oUBHx)) 

1/GS J/6S 

on S*^""^. Finally, the flow t/'* consists of isometrics of 5*^""^, and hence is volume 
preserving. 

□ 



23 



Consider the time dependent vector field and its flow ip*' on S"^"^^, guaranteed 
by Lemma [4.11 If in Lemma [4.11 the vector field is sufficiently C°-close to a^if, 
then y* will also be transverse to the Hopf vector field H on the closure 5*. Choose 
a sufficiently small 6 > 0, and denote 

r' = R — e, 

r = r' — T6 = R — e — T6. 

Clearly, if e and S are small enough, then we will have r > -|. Define the (time 
independent) vector field Yg on -D^",, which in polar coordinates has the form 

Ysir'-5t,e) = i-6,Y\e)), 

where t G [0,T] and 6 G S'^"~^. Define the vector field 

Xs{x) = l{x] Ys{x)), 



on X G [r, r'] ■ S = [r, r'] ■ B^{xi) (for small 6, l{x;Ys{x)) is well defined on x G 



for any t G M, such that a(t) = 1 for any t ^ (y' — 2")' such that a(t) is large 



[r, r'] - S = [r, r'] ■ B^{xi)). Consider a smooth function a : M — )■ M, such that a{t) ^ 1 

such that a{t) = 1 for any t 
enough on [5^, T - 5^]. Now define b : D^y -)■ M as 

b{x) 



r' — Ixl 



6 

Let us give the definition of the metric g on -D^ij- ^r^R \ -^rr' set (7 = gstd- 
Now consider -D^r'- Looking at (^std-orthogonal decomposition 



TD^, = Span{Ys) © Span{JYi 



we define 

9\x = K^)~^gstd\x © K^)gstd\x © fi-.tdU 

for any x G -D^'}j. 

Our main statement is the following: 
Claim : If we pick sufficiently small 6, and then choose the function a(-) to be large 
enough on [5^,T — 6^], then the constructed metric g will satisfy the following: 
For any smooth function / : — )■ M satisfying 

/ W'^JWldgl:,^!, 

there exists some E eM, such that for any r < u < R we have 

/ \f-E\'dgl;^^'^Ce, 
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where C = C(n, R) depends only on n and R. 

The rest of the proof of Proposition 11.111 will be devoted for proving this claim. In 
the sequel we will assume that we have chosen 6 to be small enough, and the function 
a(-) to be sufficiently large on [5^, T — 6"^]. 



Note first, that since Xg is orthogonal to Span{Ys, JYs) on (r, r']-S = (r, r']-B^{xi) 
it follows that 



on (r, r'] ■ S = (r, r'] ■ B^{xi). 

Denote by ipg the fiow of the vector field Ys, and by (t| the fiow of the vector field 
Xs- In polar coordinates we have 

for t G [0,T]. Also, in polar coordinates the vector field Xs can be written as 

Xsir'-6t,e) = i-l,X'sm. 

for t G [0,T], where X^{6) is a time-dependent vector field. Note that Xg[6) is well 
defined for 6 & S = B^{xi), t G [0, T], when 6 is small enough. For the fiow (t| of Xs 
we have 

a|(r',^) = (r'-s,a|(^)), 

for s G [0, 6T], where cr|(6') is a fiow on S*^'*"^ (defined only partially) which is gener- 
ated by the vector field X/ (6*), when s G [0, 6T]. 

Based on Corollary 13.41 (section [3|). we are able to prove the following 
Lemma 4.2. Let f : — t- M &e a smooth function, satisfying 

Then there exists a point X2 such that for some E we have 
where C = C{n,R). 

Proof of Lemma\l^ For x G ^^^"^ denote f/^,, = (r',i?) ■ 5£(x) C Dl?^. Note that 
in polar coordinates e is 



U^^, = {R-e,R)x Bl{x) C (0, oo)x S 



2n-l 
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Define the following domain in R^": 

U, = (-e, e) X 52"-i(0) = (-e, e) x {y e R^'"^ \ \y\ < e} C M^". 

It is easy to see that for small enough e, for any x G 5*^""^ there exists a diffeomor- 
phism : Ux,e — ^ U^, such that we have 

-^gstd ^ %9std ^ C'gstd, 
where C = C'{n,R), and such that in polar coordinates the map has the form 

for some diffeomorphism '■ — )■ -B^"~^(0). 

Now, since the distance between any two distinct points of V is greater or equal to 
4e, it follows that all Ux^e, for x gV, pairwise do not intersect. Therefore we conclude 
that 

t^vJu..^ -^Dl'.n -^D^-H -^^k 

Keeping in mind that \V\ ^ , we conclude that there exists some X2 ^ V such 
that 

/ \^lfdg'-,^j^^Ce'--\ 

where C = C{n). Now look at := '^X2 '■ Ux2,e — ^ U^. Define the function h : Ue ^ M. 
as h = f o v]/^^. Then we have 



Applying a rescaling, we define the function H : U ^ M., where U = (—1,1) x 
Bf-\0) C as H{x) = h{ex). Then \VH{x)\'^ = e'^\Vh{ex)\\ and the Jacobian of 
the map x H- ex is e^", hence we get 



g2n-2 , ^^Hl'dg'^^'^a ^ CO 



u 



or 



[ \VH\'dgl^,^CC'^-^h. (4.1) 
Ju 



Now, applying Corollary 13.41 (section |3|) to (14. ip . we conclude that there exists E G 
such that 

{:Ei}xBf-^(0) 
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for any Xi G (—1, 1), where C" = C"{n,R). Rescaling back, we get 



for any Xi G (—1, 1). Going back to f = h o we get that for any u G (r', R) we 
have 



/ 

Jul 



Hence by continuity we have 



Jr'BKxo) 



Finally, keeping in mind that l^o/(r'i?£(x2)) ^ c'e^"~^ for c' = c'{n,R), we conclude 
the statement of the lemma. □ 

Lemma 4.3. Let f and X2 & V be as in Lemma \4.S\ Denote B\ = (r' — 5t)Bf{x2) , 
fort G [0,T). Then provided that 5 is small enough, we will have 



Vol{B^ 

for all t G (0,T). (In this lemma the constant C = C{n,R) might be different from 
the one in Lemma \4.2\ ). 

Proof of Lemma \4-3\ Since e is small, then for any x G "P we have -B£(a;) C Bf{xi), 
and in particular, i?£(x2) C Bf{xi). Look at the vector field 

2 

Xs{r'-5t,e) = {-l,X's{9)). 

The flow of Xs satisfies 

for s G [0,(5T]. The flow 5"| is generated by the vector field X/, when s G [0,5T]. 
Let us make a time rescaling, concentrating on the time parameter t = |. Define 
the flow ^ on a part of ^^"-i as ^1(6) = af{e), when t G [0,T]. Then the flow ^ is 
generated by the vector field SX^. Up till now we had a family of vector fields 5 — ?• 
on S" C S'^"'"^, defined for small 5 > 0. However, it is quite easy to see that we can 
extend this family also to 5 = in a natural way. Indeed, we have that 

Xl[e) = 6 + L{[r' - 5t, 6); Ys{r' - St, 6)) = 6 + i((r' - 5t)e- -56 + (r' - 5t)Y\e)). 

Hence if we define 

xl{e) = e + i{r'e-r'Y\e)), 
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then Xg{9) is well defined for small 5 ^ 0, for t G [0, T] and for 9 & S, and depends 
on 6, t, and 6, in a smooth way. 

So we get that the flow ^ is generated by the vector field ^X^, and that the family 
of vector fields Xl{9), depends on small 6 ^ 0, on 9 & S, and on t G [0,T], in a 
smooth way. From here we can conclude the following: 

1) Since in addition Xj{9) is well defined for 9 & S and t G [0,T], then for 6 small 
enough, the flow ^{9) is well defined for 9 G Bf{xi) and t G [0,T], and we have 
^s{9) eS = B^{xi) for any 9 G and t G [0,V]. 

2) Moreover, if 6 is small enough, then for any x G -Bf (a;i) we will have 3 
Sf(x) for alH G [0,T]. 

3) Finally, for any t G [0,T], the Jacobian of the map Bf{xi) — )■ S*^""^ given by 

2 

6* I— ^(6*), can be arbitrarily close to 1, uniformly on 6' G Bf{xi) and t G [0,T]. In 
particular, if 6 is small enough, then the Jacobian lies between | and 2. 

Now assume that 6 is small enough so that 1), 2), 3) above are satisfied. Then, 
translating these properties to the flow of 5"|(6'), we get: 

1') The flow 5"|(^) is well defined for 9 G Bf{xi) and s G [0,(5T], and we have 

al{9) eS = B^{xi) for any 9 G Bf{xi) and s E [0, 6T]. 

2') For any x G 5f(xi) we have al{Bl{x)) D 5f(x) for all s G [0,5T]. 

3') For any s G [0, 5T], the Jacobian of the map Bf{xi) — )■ S*^*^"^ given by 6* i-)- d'U9), 

2 

lies between | and 2, at any 6' G -Bf (xi). 

We are now ready to prove our lemma. Define the function -F : [0, 6T) x i?£(x2) — )■ 
M as 

Fis,9) = fia!ir',9)) = fir' - s,am)- 
For any < Si < we have 



Bl{x2) 



\f{r'-Su&T{9))-f{r\ 



'd9 



F(0, 



'd9 



3^X2) 



^ 6T 



6T 



ds 



d9 ^ 



BU-^2) 



Sl 



Bl{x2) Jo 



2s 



Sl 



Blix2) Jo 

V,/(a|(r', 



\LxJicrlir\9))\' dsd9 



BU^2) Jo 



Sl 



|V,/(a|(r', 



ds d9 



I ds d9 



\Xs{cjl{r',9))\Us d9. 



We have 



Xs{u,9) = i{{u,9)-Ys{u,9)) = i{u9- 



uY\9)), 
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for u G [r, r'] and 6 ^ S = B^{xi). Therefore, if is sufficiently C°-close to 
a^H, and if e, 6 are small enough, then because of continuous dependence of l{- ; ■) 
on its arguments, we can conclude that Xs{u,9) is C°-close to l{R9; Ra^H{9)) = 
i{6;a^H{6)), and hence in this case we have \Xs{u,9)\'^ ^ C for any u G [r, r'], 
9 E S = B^[xi), and small 6 > 0, where C = C'{n). Hence returning to our chain of 
estimates, we get 

/ \f(r'-s,,al^i9))-fir',9)\'d9 

^6T [ r\\VJ{al{r',9ml.\Xs{al{r',9))\'dsd9 
JbI{x2) Jo 

^6TC' [ r \\VJ{al{r',9mldsd9 

Now, because of 3'), the Jacobian of the map $ : (0,(5T) x i?f^(a;2) Dry given by 
{s,9) I— )■ a^{r',9) = (r' — s,a"|(^)), is greater or equal to , which is greater 

than ^^"^ ^ , which in turn, is greater than -^^^ — = ^^^k-, for small e and 5. Hence 
returning to our chain of estimates, we get 



\f{r'-s,,al^{9))-f{r\9)\'d9 

Bl{x2) 

^6TC' [ r \\VJ{al{r',9mldsd9 
JbKxo) Jo 



'B§^ix2) JO 



''S>i[0,ST)xBlix2)) 



1 

V0liBl{x2)) Jb: 



^^{tTZTTTTsTTX^ I \fir'-s,,al^i9))-f{r',9)\'d9 
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(4.2) 



r,R 

Now, since by Lemma [4. 2 1 we have 

Volir'lux,)) X^s - ^ 

we get 

,.lf I 9)-E\'d9^ Ce. (4.3) 

Vol{Bi^^[X2)) JbUx2) 

Hence from (14. 2 p and (14. 3 p we conclude that 

,,1, / \f{r'-s,,al\9))-E\'d9 

Vol{B^^{X2)) JbI(x2) 



+ Tr^77WT-^ / \fir\ e)-Efde) ^2 S-————^-—- + Ce) ^ 3Ce, 
Vol{Bi{x2))JBli.,)''' ^ J \ R''-Wol{Bi{x2)) ) 

where the latter inequahty is true if 5 is small enough. Now, from 3') we know that 
the Jacobian of the map 5"^^ (6') : Bf{xi) — > S"^""^ is not greater than 2, hence we 
conclude 

/ \f{r' - si,e)~E\''de 

^ ,r ,Jsf I \f{r'-s,,d7m-E\'de^QCe. 
Vol{BlXx2)) JbI(x2) 

Because of 2') we have 5-^^(i?£(x2)) ^ i?f (X2), so we get 

,r J. if I \f{r'-s„e)-E\'de 

Vol{Bl^{X2)) JbS{x2) 

^ .,1^, / - Si, ^) - Ef d9 ^ 6Ce. 

yo/(i?£(x2))A|i(BS 

Therefore we finally obtain 

v^Jb,J^''-'^^''-'^''' 

V0KBUX2)) 1 r 

Vol{Bl{x2)) JBSi^^r' ' ' 



Vol{BS{x2)) 



'(X2) 



Vo;(Bf(i2)) 

for some C" = C"{n,R). The latter means that for any t G (0,T), for 5* 
6t)B^{x2) we have 



□ 



Lemma 4.4. Lei / : -D^'/j — !■ M 6e a smooth function satisfying 
Then for any ^ ti < t2 < T we have 

|/(r' - 6t2,^'^ie)) - f{r' - 5tuip''{e))\'de ^ C6. 

(In this lemma the constant C = C{n,R) might be different from those in lem- 
mas\^\^. 
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Proof of Lemma \4.4\ Define the function F : [0, T) x S"^" ^ — > M as 

F{t,e) = f{ij's{r',e)) = f{r' -6t,i,\e)). 
Then for any 0^ti<t2<^"we have 



|/(r' - Sh, (9)) - f{r' - Sh,^'^ de = / \F{h, 6) - F{h, 9)\' d9 



S2n 



t2 



d_ 

dt 



F{t, 6) dt 



t2 



de^ / {t2-ti) 

•.tft 



d_ 

dt 



F{t,i 



dtde 



{t2-ti) / / \LYjmr\e))y dtde 



11"^ J mr',9ml.\\Ysmr',9ml dtde 



t2 

^{t2-t^] 

S2"-l Jti 

it2 -t,) I I wvjmr', eml . \Ysmr', e))\' . hmr\ e)Y' dt de 

s^"-^ Jti 



{t2-t 



\Ys{4{r' -h^r' - 5t,^\e)y^ dtde 



(t2-h) [ r \\vj{i^\{r',e))\\l ■ \Ysmr\e))\'.a{t)-'dtde 

J52"-i Jti 



t2-tl 



t2 



\\w,fmr\e)W-\Ysmr\e))\'dtde 



(minfg[j^,j2] a(t)) Js^^-^Jti 
We have 

\Ys{u, e)\^ = \- 6e + uY\e)\^ = 6^ + u^\Y\e)\\ 

for u G [r, r'] and e G S*^""^. According to the property that is sufficiently C^'-close 
to a^,H (Lemma 14.11) . the norm |y*(6')| is sufficiently close to 1, so we may assume 
that \Y\e)\ ^ 2 for all t G [0, T] and e G S^""'^. Hence we have 

\Ys{u,e)\^ = 6^ + u^\Y\e)\^ ^ 6^ + ^ 6^ + 4r'^, 

for u G [r, r'] and e G S*^""^. Therefore, returning to our chain of estimates, we have 

/ |/(r' - 5t2, ^'^m - fir' - 6tu de 

t2-ti 



t2 



^t,-t^){6' + 4r") 



\\vjmr',emi.\Ysmr',e))\'dtde 



i2 
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The Jacobian of the map (0, T) x S*^" ^ — -D^":, given by 

equals to 6{r' — ^t)^""^, since the flow ip^ on S*^""^ is volume preserving. Hence this 
Jacobian is greater than 5{r' — 5TY^~^ = Sr^"^^ at every point of (0,T) x S*^""^. So 
returning again to our chain of estimates, we conclude that 

|/(r' - (5t2,^*H^)) - fir' - 5t,,i,'^{e))\'de 

S2n-1 

5 (mintg[t,,t2] aW)^ '^^''"^ 
Now, provided that e, 5 are small enough, we have 

So we conclude that 

for any ^ ti < ^2 < ^- In particular, for ^ ti < ^2 ^ we get 

|/(r' - 5t2, ^*^(^)) - f{r' - Sh, d9<:C ~ 



t2-ti 



2 ' 



5 (mintg[t^,t2] a(t))' 


Analogously, for any T — 6"^ ^ ti < t2 < T we have 

|/(r' - 5t2,^*^W) - f{r' - 6h,i''^{9))\'d9 ~ 



s2"-i 5 (mintg[t^,t2] a(t))' 
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Finally, for 6'^ ^ ti < t2 ^ T - 6"^ we have 

^2 ~ ^1 



|/(r' - 6h, ^p'^iO)) - f{r' - 6tu i^'^ {6))\^ dO ^ C- 



T 

^ C 2- 

5 (mint6[t,,t2] a{t)) 

If we choose the function a(-) to be sufficiently large on [^^,T — 5'^] (it is enough to 
require a{t) ^ ^ for t G [5^, T — 5^]), then we will get 

f \f{r' - 6h,^"^ie)) - fir' - 6t,,i;'^i9))\'de 

^ C 2 ^ C5. 

6 (minfg[f,^f2] a{t)) 

These three cases, combined together, imply that for any ^ ti < ^2 < ^ we have 
|/(r' - St2,^P''m - f{r' - 6h,i,'^{9))\'d9 <: 9CS. 

52n-l 

□ 

Lemma 4.5. Let f, and X2 G V, and B^, t G [0,T) he as in Lemma \4.3[ Then for 
any t G (0,T), looking at the preimage {tpl)~^{Bl) C S"^"""^, we have 

(In this lemma the constant C = C{n,R) might be different from those in lem- 
mas\lg\l^\l^. 

Proof of Lemma \4-5\ By Lemma I4.3[ we have 
which means 

TTimsr^J \f{r'-6t,e)-E\'de^Ce, (4.4) 
for all t G (0, T). By Lemma 14. 4[ for any ^ ti < t2 < ^ we have 

|/(r' - 5t2,^*H^)) - /(r - 5t,,i,''{e))\'de ^ C5, 

S2n-1 

SO in particular taking some t G (0,T) and considering ti = 0, ^2 = t, we get 

\f{r'-6t,^\e))-f{r',e)\'de^C6, 
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which imphes that 

Also, since the flow ip^ : S*^""^ — > S*^""^ is volume preserving, it follows from fl4.4p 
that 

IsT^ I \fir'~5t,e)-E\'de^Ce. 

(^2)) JbS(x2) 



Vol{B, 
Hence we conclude 

1 



\f{r',9) - E\^de 

m-^{BS(x2)) 



Vol{BS{x2)) 

\ / \f{r'-6t,4^\e))-E\Ue 

\V01{B^{X2)) Jm-ifBS(x2)) 



1 



Vol{Bf{x2)) 



m-^BS{x2)) 

\f{r' -5t,i,\e))-f{r\e)\^de 

m-\BS(x2)) 



If 5 is small enough, then we will have 

Therefore we conclude that 

\sr^. I \f{r',e)-E\'de^3Ce, 
K [^2 Jw)-HBS(xo)) 



Vol{Bf{x2)) 
or in other words, 



□ 



Let us finally conclude the claim stated above. Let g be the metric on -D^^ defined 
as above, and assume that 6 is small enough and that the function a(-) is large enough 
on [5^, T — 5^]. Let / : -D^ij — > be a smooth function satisfying 
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By Lemma \A.2\ there exists a point X2 G P and some G M such that 



Then, by Lemma l431 for any t G (0,T), looking at the preimage ^{B\) C S^? ^ 
of i?* = (r' — 5t)Bf{x2)i we have 

1 



where C" = C"(n, i?). But since 



1 



Vol{{r)-^{BS{x2)))Ji^n-HBH^2)) 
1 
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n-l 



^ (^TxW)|/(r',0)-i?prf^, 



we get 



^ (^TxW) |/(r',0)-Epd^^C"e, (4.5) 



where x '■ S'^"' ^ — K is the characteristic function of Bf{x2)- Now, by Lemma [4.H 
there exist some ti,t2, G (0,T) such that 



-f (^'^rx^cM^£^ (4 6) 



fc=l 

on 5^"^^. Averaging (14.51) over t = ti, ...,t]y, and using (14. 6p . we get 

\f{r',9)-E\'d9 



1 c-Vol{B^{x2)).^, , 



S2n-i Vol{Bf) Vol{S 



2n- 



^\f[r\e)-E\'de 



N 



and hence 



/ |/(r',^)-E|2rf^^C"6, (4.7) 



'52 
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where 



C" 



C'Vol{S 



Now, fixing any t G (0,T), and applying Lemma [4.41 for t\ = 0, ^2 = we get 



/ 5271-1 

whicli together with (14. 7p give us 



\]{r' -bt,Q)-E\UQ = / |/(r'-(5t,^/;*(^)) -^I'd^ 

52n-l J S'^^-'^ 



^ 2 



S2" 



|/(r'-5t,7/;*W)-/(r',^)pd^ + 

^ 2{C"'5 + C"e) ^ 3C"e, 



I \f{r\0 




/52n-l 





since is volume preserving, and 6 is small enough. Thus we have proved that 



/ \f{u,e)- E\^de ^3C"e, 



(4.8) 



for any u G (r, r'). Now consider the case when u G (r', i?). Define the vector field X 
on M^" \ {0}, as X(x) = — 1^ for x G M^" \ {0}. Then keeping in mind that g = Qstd 
on D'^J^j^, we obtain 

\f{u,e)-fir',e)\'de 



S2n 







2 


/ 







(u — r') 



(is 



{u-r') / / |Lx/(s,^)r dsc?^ 

Js^r^-^ Jr' 

^(u-r') I r\\vj{s,e)\\l-\\x{s,e)\\ldsd9 



{u — r') 



\vj\s,e)\\ldsde. 



The Jacobian of the map (r', R) x S*^"^^ — -D^/\ given by 

equals to s^"~^, and hence is greater than r'"^^'^ at every point of (r', R) x S*^""^. So 
returning again to our chain of estimates, we conclude that 



\f[u,e)-f{r\d)\^de^{u-T') 



\vj{sMldsde 
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But we have u — r' < R — r' = e, and for small e, 6 we have r'"^^ ^ ^ (t hence 
we get 

/ \f{u,e)-f{r',e)\'de^(l) ^ e. (4.9) 
Therefore, from (HTll and fOl) we get 



+ J/(^'^)-/(^''^)l'^^) (4.10) 



< 2 C"e + ^ e = 2C" 



R \ 



for any u G {r',R). Combining (14. 7p . (14. 8p . and (I4.10p . we conclude that for any 
u G (r, i?) we have 



[ \f{u,e)-E\Ue ^ (3c" 

Hence for any u G (r, R) we have 



)2n 



n-1 



e. 



This finishes the proof of our claim, and hence of the proposition. 



5 Proof of Theorem 11.101 

Choose a smooth triangulation of M, and let Aq, C M, a G /, be the open simplices 
of this triangulation. Choose a Riemannian metric qq on M, such that for each 
a G / there exists a Darboux neighborhood inside Aq,, on which qq coincides with the 
euclidean metric. 

For a G /, denote by A'^ the union of A^ with all of its open faces. Then for each 
a G /, by Lemma [3.21 there exists a bi-Lipschitz homeomorphism '■ Aq, — (0), 
such that \E'q is a diffeomorphism from Aq onto 5^*^(0), and also is a diffeomorphism 
from A'q, onto the image. Because of our choice of qq, WLOG we may assume that the 
pushforward Wq of the symplectic structure u from _B^"(0) to Aq, equals to Ustd (i-e. 
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is standard) near the origin, and that the pushforward go,a of the metric go from A'^ 
to its image \1/q(A'^) C (0), coincides with the standard euchdean metric gstd near 
the origin. Hence we can find some < -Rq < 1; such that Ua = oUstd and gQ ^ = gstd 
on i?|j"(0), for all a G /. Let C > be a bi-Lipschitz constant for all \I/q,, a G /, when 
we consider the metric go on Aq,, and the metric gstd on 5^"(0). Then we get 

-^9std ^ go,a ^ Cgstd 

on \1/q(A'q,), for each a G /. 

Now pick any < R ^ Rq. After choosing /?, pick a small enough e > 0. Then 
by Proposition II.IH there exists ^ < r < R, and a metric gioc on the domain 

D2n^ = {x G M^" I r < |a;| < R}, 

having all the desired properties. Consider the "minus-radial vector field" X{x) = 
— on -D^"i. Choose a sufficiently small 6' > 0, and choose a smooth function 
a : M — 7- M, such that a{u) = 1 for n ^ (i? + 1 — y), such that a{u) ^ 1 for all 
n G M, and such that a{u) is sufficiently large on [R + 6' ,1 — 6']. Define b : i?i"(0) — )■ M 
as = a(|x|). Denote by Jom the almost complex structure that relates Ua and 
(?o,a- Now we define the metric ga on i?f"(0) as follows: on D^*^ we set ga = gioc', on 
D"^^, looking at the (7o,a-orthogonal decomposition 

TDji = Span{X) © Span{Jo,aX) © L, 

we define 

at each x G finally, on ^^^"(O) \ (D^'^ UD|^J we set g^ = go.a = gstd- Clearly, g^, 
is a smooth Riemannian metric on Bf"'{0), which is compatible with u^, and which 
coincides with go^a near the boundary of Bf"'{0). Also, exactly as in the case of 
Lemma l474l but now using the flow of the vector field X, one can prove the following 
Claim 

If the function a(-) is sufficiently large on [R + 6' , 1 — 6'], then for any smooth function 
h : Dj^^^ — )■ R satisfying 

/ W^aMldg'std^^, 

we have the following: for any i? < Ui < ^2 < 1, 

/ \h{u2,9) -h{ui,9)\^d9 ^C'6', 

where C = C'{n,R). 
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Finally, we define the metric (7 on M as follows: for any a G /, on we set 
g = "^ada'i on M \ (Uag/Aa) we set g = go. Clearly g is a. smooth metric on M, 
compatible with u. We claim that the metric g will have arbitrarily large Ai, provided 
that we took R to be small enough, and then picked e, 6' to be sufficiently small, and 
a(-) to be sufficiently large on [R + 6',1 — 6']. Let us show this. 

Let / : M — 7- M be a smooth function with 

/ /c?/" =0, 

and 

/ \\VJ\\ldg'-^l. 
Jm 

2n 

Then, for any a E I, define fa ■ (0) — )■ M as /q, = {^a)*f - the pushforward of 
/ by ^ a- Then keeping in mind that uja = UJstd on B]^{0), and that ga = gstd on 
(0), we get that 



\^fa\'dgZ= / \\V,M\ldgtr 
|V,J.llirf^^"= / IWJWldg'-^ [ \\VJ\\ldg'-^l, 

J Ac, J M 



(5.1) 



that 



r,i?. r,H 



'S2n(0) 

and that 



\^gJa\\lc.d9a 



M 



(5.2) 



I n2n 



dg',^, ^ C'- I \\V,M\l dgll = C^" / ||V,„/. 

<C'- [ \\'^,JJldgl'' = C'- f ||V,/||Jrf/" (5.3) 

Jm 

Applying Proposition ILllI to (15.21) . we conclude that there exists some G M, 
such that for any u G (r, R) we have 
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which imphes that 



/ \fa-E^\'dg'^^i'^e, (5.4) 



[ \Uu,9)-E^\U9 = ^f \U-E^\^dg^ 



2 j„2n-l 
std 



for any u G {r,R). Note that by a continuity reason, fl5.4p and f l5.5p hold also for 
u = r,R. 

Applying our claim above to (15. 3p . we conclude that for any R < ui < U2 < 1 we 
have 

/ \fa{u2, 9) - Uu,, 9)\' d9 ^ C'-^C'b'. (5.6) 

By a continuity reason, (15. 6p holds for any R^Ux^u^^X. 

We have that (15. 5p is valid for u = R, and (15.60 holds when ui = R and 
-R ^ ^2 ^ 1- Hence we conclude that for any u G [i?, 1] we have 



/ \f^{u,9)-E^\^d9 
^2(1 \Uu,9)-f4R,9)\'d9+[ \UR,9)-E^\'d9] (5.7) 

22n. 



Therefore from (15. 5p and (15.70 we conclude that 

)2n. 

|/„(M,^)-Ej2rf^^2C2W + - 

'52 



/ |/„(w, ^) - E^\' d9 <: 2C''^C'6' + -—^e, (5.^ 
for any u G [r, 1]. This, in turn, implies that 



/ \U-E^\''dgl^i' = u'^~' [ \Uu,9)-E^\^d9 

/ o2n \ o2n 



(5.9) 



for any m G 1]. Hence on one hand, from (15. 9p we get 
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(o2n \ 

On the other hand, since (15.41) is true for u = r, and since we have flS.ip . from 
Lemma 13.51 (section [3]) we get 

/ \U - E^lWs"^, ^ C"{r' + er) ^ C"{R' + eR), (5.11) 

where C" = C"{n). 

Adding (I5.10p and (15. lip , we obtain 



\U - EaWs?, = I I/a - E^\'dg-Z + I \fa- E^\Ug, 



istd 



r,l 



o2n 

^ C\R^ + eR) + 2C'"C"5' + -^e (5-12) 



Look now at (15.70 and (I5.12p . We can choose e and 5' to be small enough, so that 
we will have 

C"eR + 2C2"C"(5' + — ^ C"R\ 

Hence if we choose e and 6' small, then (15. 7p for the case of n = 1, and (15.12p . will 
give us 



/ \fa-E^\^dgl^,-'= [ \Ul,9)-E^\^d9^C"R^ (5.13) 

and 

/ \fa-E^\'dg'^^,^2C"R'. (5.14) 
Returning to the manifold M, from (I5.13P and (I5.14p we get 



/ \f-E^\'dgl-^'= f \f^-E^\'dgll~ 



(5.15) 
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and 



/ \f - E^l'dg',^ = f \U-E^\Wol 



(5.16) 



Now consider two adjacent simplices Aq and A^, having a common face which we 
denote by S C M. Then fl5.15l) imphes 

/ 1/ - E^\Hgl^~' ^ [ 1/ - E^lWo""^' ^ C'-~^C"R\ 



and 



/ \f-EpWo^-'^ [ \f-Ep\'dg, 



Therefore, 



,l'dgr' 



Volg,{j:)\E^-E^\^ = JjE^-E^ 

Since we have only finite number of faces of simphces of our triangulation, it 
follows that the minimum of a go-volume of such a face, is a positive real number. 
Denote it by c > 0. Hence we get the following: if Aq, and A/j, where a,(3 E I, are 
adjacent simplices from our triangulation, then 



4C2"-iC" 



\En — En\'^ ^ . 



Now, if we consider any two simplices Aq, and A^ (not necessarily adjacent), then 
we can connect Aq, with A^ via a sequence of distinct simplices from our triangulation, 
where any two consequent simplices in this sequence are adjacent, and hence by the 
triangle inequality we get 



\Ea — Eb\ < R , 
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for any a, [3 G I. Therefore there exists some G M such that 



\E^ - E\^ ^ R^, 

c 

for any a E I (we can just take E = for any 7 G /). 
Therefore, from fl5.16p and (15.171) we get 

/ 1/ - El'dgl^ ^2(1 1/ - E^l'dg',- + \E^ - E|Vo/,„(A,; 



c 



Summing (I5.18P over all a G /, we get 



2n 



Note that 



[ IfW^f \fW^ + E'= [ \f-E\'dg'^= [ \f-E\'dg 

JM JM JM JM 



Therefore 



where 



M 



C" = A\I\C'-C" + 8|/pC^-^CVo/,„(M) 



Hence we have finally proved the following: 
If / : M — )■ M is a smooth function with 



fdg'"^ =0, 

M 
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and 

/ \\VJ\\ldg'-^l, 

J M 

then 

Jm 

Therefore we immediately get a lower bound for the first eigenvalue: 

Note that the constant C" depends only on M, on the metric Qq on M, on our 
triangulation of M to simplices Aq,, and on the collection of maps : Aq, — (0). 
Therefore, since we have freedom to choose i? > to be arbitrarily small, this means 
that Ai associated with the metric g, can be arbitrarily large. 



References 

[B-L-Y] J. -P. Bourguignon, P. Li, and S. T. Yau, Upper bound for the first eigenvalue 
of algebraic submanifolds, Comment. Math. Helv. 69 (1994), 199-207. 

[C-D] B. Colbois and J. Dodziuk, Riemannian metrics with large Ai, Proc. Amer. 
Math. Soc. 122 (1994), 905-906. 

[E-1] A. El Soufi and S. Ilias, Le volume conforme et ses applications d'apres Li et 
Yau, Seminaire de Theorie Spectrale et Geometric, Annee 1983-1984, Univ. 
Grenoble I, Saint-Martin-d'Heres, France, 1984, VII.1-VII.15. 

[F-N] L. Friedlander and N. Nadirashvili, A differential invariant related to the 
first eigenvalue of the Laplacian, Internat. Math. Res. Notices 17 (1999), 
939-952. 

[He] J. Hersch, Quatre proprietes isoperimetriques de membranes spheriques ho- 
mogenes, C. R. Acad. Sci. Paris Ser. A-B 270 (1970), A1645-A1648. 

[Ho] L. Hormander, Hypoelliptic second order differential equations, Acta Math. 
199 (1967), 147-171. 

[M] D. Mangoubi, Spectral flexibility of symplectic manifolds x M, Math. 
Ann. 341 (2008), no. 1, 1-13. 

[P] L. Polterovich, Symplectic aspects of the first eigenvalue, J. Reine Angew. 

Math. 502 (1998), 1-17. 



44 



[R-S] L. P. Rothschild and E. M. Stein, Hypoelliptic differential operators and 
mlpotent groups, Acta Math. 137 (1976), 247-320. 



[Y-Y] P. C. Yang and S. T. Yau, Eigenvalues of the Laplacian of compact Riemann 
surfaces and minimal submanifolds, Ann. Scuola Norm. Sup. Pisa CI. Sci. 
(4) 7 (1980), 55-63. 

Lev Buhovski 

Department of Mathematics, University of Chicago, Chicago, Ilhnois 60637, USA 
e-mail: levbuh@gmaiLcom 



45 



